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I I ^ Abstract. We bring together ideas in analysis of Hopf *-algebra actions on IIi 

^ , subfactors of finite Jones index |9l K4l and algebraic characterizations of Frobe- 

nius, Galois and cleft Hopf extensions fllj, nA N to prove a non-commutative 
/«^v ' algebraic analogue of the classical theorem: a finite field extension is Galois iff 

it is separable and normal. Suppose A'^ ^-> M is a separable Frobenius exten- 
sion of fe-algebras split as Af-bimodules with a trivial centralizer Cm{N). Let 
^^ ' Ml := End(Mjv) and M2 := End(Mi)jv/ be the endomorphism algebras in the 

_^ ' Jones tower N ^^ M ^^ Mi ^-> M2. We show that under depth 2 conditions 

P^H ^ on the second centralizers A := Cmi{N) and B := Cm2(^) the algebras A 

(-H , and B are semisimple Hopf algebras dual to one another and such that Mi is 

-4-J ' a smash product of M and A, and that M is a B-Galois extension of A'^. 



> 



X 



1. Introduction 



Three well-known functors associated to the induced representations of a sub- 
algebra pair N C M are restriction 7^ of Af-modules to TV-modules, its adjoint T 
(^ i which tensors A^-modules by M, and its co-adjoint H which applies Hom^vCA^, — ) 

t~^ ' to A^-modules. The algebra extension M/N is said to be Frobenius if T is natu- 

^D i rally isomorphic to H jlj]. M/N is said to be separable if the counit of adjunction 

TTZ — > 1 is naturally split epi; and M/N is a split extension if the unit of adjunction 
■^ ' 1 -^ TZT is naturally split monic [pO| . An algebraic model for finite Jones index 

"^ , subfactor theory is given in ll^, p^2[ using a strongly separable extension, which 

2 ' has all three of these properties. Over a ground field k, an irreducible extension 

M/N, which is characterized by having trivial centralizer Cm{N) = fcl, is strongly 
separable if it is split, separable and Frobenius. 

In this paper we extend the results of Szymahski |2J] and others [^, g on Hopf 
*-algebra actions and finite index subfactors with a trace (i.e., linear map (/> : A/ ^ 
^ , k such that (j){mm') = 4){m'm) for all m,m' £ Af and 0(1) = Ifc) to strongly 

separable, irreducible extensions. We will not require of our algebras that they 
possess a trace. However, we require some hypotheses on the endomorphism algebra 
Ml of the natural module Afjv, to which there is a monomorphism given by the left 
regular representation of M in End(Afjv)- We require a depth two condition that 
two successive endomorphism algebra extensions, M ^^ Mx and Mi ^^ M2, be free 
with bases in the second centralizers, A :— Cmi{N) and B := Cm2{M). Working 



over a field of arbitrary characteristic, we prove in Theorem 5.3 and Theorem 6.3 



Theorem 1.1. The Jones tower M C Mi C A/2 over a strongly separable, irre- 
ducible extension N C_ M of depth 2 has centralizers A and B that are involutive 
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semisimple Hopf algebras dual to one another, with an action of B on Mi and an- 
other action of A on M such that Mi and M2 are smash products: M2 = Mijj=B 
and Ml = M#A. 



The main theorem 1.1 is of intrinsic interest in extending |24] to the case of 
an irreducible finite index pair of von Neumann factors of arbitrary type (I, II, or 
III). Secondly, it gives a proof that Mi is a smash product without appeal to a 
tunnel construction; i.e. assuming the strong hypotheses in a characterization of 
a strongly separable extension M/N that is the endomorphism algebra extension 
of some N/R. Thirdly, the main theorem is the difficult piece in the proof of a 
non-commutative analogue of the classical theorem in field theory p3| : 

Theorem 1.2. A finite field extension E' /F' is Galois if and only if E' / F' is 
separable and normal. 

By E' /F' Galois we mean that the Galois group G of F'-algebra automorphisms 
of E' has F' as its fixed field E' . From a modern point of view, the right non- 
commutative generalization of Galois extension is the Hopf-Galois extension (cf. 
Section 3) [Q, with classical Galois groups interpreted as cosemisimple Hopf al- 
gebras. From the modern cohomological point of view, the non-commutative sep- 
arable extensions mentioned above are a direct generalization of separable field 
extensions (cf. Section 2) pOJ. The trace map T : E' ^ F' for finite separable 
field extensions [ p5[ is a Frobenius homomorphism for a Frobenius extension (cf. 
Section 2), while the trace map for Galois extensions is the action of an integral on 



the overfield (corresponding to the mapping E in the proof of Theorem 3.14). In 



Section 6 we prove the following non-commutative analogue of Theorem 1.2 



Theorem 1.3. If M/N is an irreducible extension of depth 2, then M/N is strongly 
separable if and only if M/N is an H-Galois extension, where H is a semisimple, 
cosemisimple Hopf algebra. 

In Sections 2 and 3 we note that the non-commutative notions of separable 
extension and Hopf-Galois extension generalize separability and Galois extension. 



respectively, for finite field extensions. However, Theorem 1.3 is not a generalization 



of the classical theorem, since non-trivial field extensions are not irreducible. The 



proof of Theorem LS follows from Theorems 3.14 and LI . Theorem 3.14 is an ea sier 
result with roots in [IJ, ^, |l^ . The smash product result for AI2 in Theorem [Ll| 
follows from the depth 2 properties in Section 3, the non-degenerate pairing of A 
and B in Section 4, and the action of B on Mi in Section 5 together with the 



key Proposition L6. The non-degenerate pairing in Eq. ( [141) transfers the algebra 



structures of A and B to coalgebra structures on B and A, respectively, that result 
in the Hopf algebra structures on these. The antipodes on A and B come from a 
basic symmetry in the definition of the pairing. From the action of B on Mi with 
fixed subalgebra M, we dualize in Section 6 to an A-extension Mi/M, compute 
that it is A-cleft, and use the Hopf algebra-theoretic characterization of the latter 
as a crossed product : we show that Mi is a smash product of M with A from 
the triviality of the cocycle. Each section begins with an introduction to the main 
terminology, theory and results in the section. 
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2. Strongly separable extensions with trivial centralizer 

In this section, we recall the most basic definitions and facts for irreducible and 
split extensions, Frobenius extensions and algebras, separable extensions and alge- 
bras, and strongly separable extensions and algebras. We introduce Frobenius ho- 
momorphisms and their dual bases, which characterize Frobenius extensions, noting 
that Frobenius homomorphisms are faithful, and have Nakayama automorphisms 
measuring their deviation from being a trace on the centralizer. After introducing 
separability and strongly separable extensions, we come to the important theory 
of the basic construction Mi , conditional expectation Em '■ Mi -^ M and Jones 
idempotent ei G Mi. The basic construction is repeated to form the tower of alge- 
bras N C M C Ml C M2, and the braid-like relations between ei and 62 S M2 are 
pointed out. 

Throughout this paper, k denotes a field. Let M and N be associative unital 
/c-algebras with N a unital subalgebra of M. We refer to iV C M or a (unity- 
preserving) monomorphism A'^ ^-s- M as an algebra extension M/N. We note the 
endomorphism algebra extension End(MAr)/M obtained from m -^ Xm for each 
m (z M , where Xm is left multiplication hy m £ M , a, right A'^- module endomorphism 
of Af. 

In this section, we denote the centralizer of a bimodule nPn by P^ :— {p G 
P\yn E N, pn — np}, a special case of which is the centralizer subalgebra of A^ in 
M: Cm{N) = M^ . The algebra extension M/N will be called irreducible if the 
centralizer subalgebra is trivial, i.e., Cm{N) — kl. In this case the centers Z{M) 
and Z{N) both lie in Cm{N), so they are trivial as well. If £ denotes End(MAr) 
and M°P denotes the opposite algebra of M, we note that (Vm G M) 

CsiM) = {fe£\ mf{x) = f{mx)ym G M} = End(MAf^) - Cm(A^)°^. (1) 

Whence the endomorphism algebra extension is irreducible too. 

M/N is a split extension if there is an A-bimodule projection E : M ^ N . Thus, 
E{\) = 1, E{nmn') = nE{m)n', for all n,n' £ N,m £ M, and M ^ N Q)kerE as 
A-bimodules, the last being an equivalent condition. The condition mentioned in 
the first paragraph of Section 1 is easily shown to be equivalent as well [EOl . 

Frobenius extensions. M/N is said to be a Frobenius extension if the natural 
right A^-module A/jv is finitely generated projective and there is a bimodule iso- 
morphism of AT with its (algebra extension) dual: nMm — N^om{Mjq,Nj^)M |ll3| . 
This definition is equivalent to the condition that M/N has a bimodule homomor- 
phism E : nMn — > atAjv, called a Frobenius homomorphism, and elements in Af, 
{2^i}"=ij {yi}i=ii called dual bases, such that the equations 

n n 

y^ E{mxi)yi = ??i = ^ XiE{yim) (2) 

1=1 1=1 

hold for every m £ AI |Q|j In particular, Frobenius extension may be de- 
fined equivalently in terms of the natural left module nM instead. The Hattori- 
StaUings rank of the projective modules Afjv or ^M are both given by J2i EiViXi) in 
A/[A^, A^] fill. It is not hard to check that the index [M : N]e := J2i ^^Vi & Z{M) 



^For if {xi}, {fi} is a projective base for Mjv and E is the image of 1, then there is j/i 1— > 
Eyi = fi such that "^^XiEyi = idj\,/. The other equation follows. Conversely, A/jv is explicitly 
finitely generated projective, while x 1— > Ex is bijective. 
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(use Eqs. (||)) depends only on E, and £'(1) G Z{N). Furthermore, M/N is split if 
and only if there is a d e Cm{N) such that E{d) = 1 [|l). 

If Mn is free, M/N is called a /ree Frobenius extension [Q. By choosing dual 
bases {xi}, {fi} for Mjv such that fi{xj) — Sij, we arrive at orthogonal dual bases 
{xi}, {jji}, which satisfy E(yiXj) = Sij. Conversely, with E, Xi and yi satisfying 
this equation, it is clear that M/N is free Frobenius. 

If N is the unit subalgebra fcl, M is a Frobenius algebra, a notion introduced 
in a 1903 paper of Frobenius M. Such an algebra M is characterized by having a 
faithful, or non-degenerate, linear functional E : M ^ k; i.e., E{Mm) = implies 
m = 0, or equivalently, E{mM) = implies ?7i = (in one direction a trivial 
application of Eqs. (||)). 

We note the following transitivity result with an easy proof. Consider the tower 
of algebras N C M C R. If M/N and R/M are Frobenius extensions, then so is 
the composite extension R/N . Moreover, the following proposition has a proof left 
to the reader: 

Proposition 2.1. If M/N and R/M are algebra extensions with Frobenius homo- 
morphisnis E : M ^r N , F : R ^r M and dual bases {xi], {yi] and {zj}, {wj}, 
respectively, then R/N has Frobenius honiomorphism EoF and dual bases {zjXi}, 
{ViWj}. 

If M/N and R/M are irreducible, the composite index satisfies the Lagrange 
equation: 

[R:N]ef = [R-M]f[M:N]e. 

Nakayama automorphism. Given a Frobenius homomorphism E : M ^ N 
and an element c in the centralizer Cm{N), the maps cE and Ec defined by 
cE{x) :— E{xc) and Ec{x) = E{cx) are both A^-bimodule maps belonging to the 
A^-centralizers of both the iV-bimodules HomAr (Mat, TVat) and iioinN{isiM, nN). 
Since m i^ Em is a bimodule isomorphism, nMm — Niiom/^{M, N)m, it follows 
that there is a unique c' € Cm{N) = M^ such that Ec' = cE. The mapping 
g : c I— > c' on Cm{N) is clearly an automorphism, called the Nakayama automor- 
phism, or modular automorphism, with defining equation given by 

E{q{c)m) = E{mc) (3) 

for every c G Cm{N) and m E M p3[ . M/N is a symmetric Frobenius extension 
if 5 is an inner automorphism. In case N = /cl, this recovers the usual notion 
of symmetric algebra (a finite-dimensional algebra with non-degenerate or faithful 
trace), for if q : M ^ M is given by q{m) = umu^^, then Eu is such a trace by 
Eq. (|. 

Separability. Throughout this paper we consider M^n M with its natural M-M- 
bimodule structure. M/N is said to be a separable extension if the multiplication 
epimorphism fj, : M (S)n M ^ M has a right inverse as M-M-bimodule homomor- 
phisms [|lO| . This is clearly equivalent to the existence of an element e & M ® jv M 
such that me = em for every m € M and /i(e) = 1, called a separability ele- 
ment: separable extensions are precisely the algebra extensions with trivial relative 
Hochschild cohomology groups in degree one or more pOJ. A Frobenius extension 
M/N with E, Xi , yi as before is separable if and only if there is a, d € Cm (N) such 



that J2i XidVi = 1 |10 
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If A^ = klM, M/N is a separable extension iff M is a separable fc-algebra; i.e. a 
finite dimensional, semisimple fc-algebra with matrix blocks over division algebras 
Di where Z{Di) is a finite separable (field) extension of fc. If fc is algebraically 
closed, each Di = k and M is isomorphic to a direct product of matrix blocks of 
order rii over k. 

For example, if E' / F' is a finite separable field extension, a G E' the primitive 
element such that E' = F'{a), and p{x) = x" — X^TiTo "^i^* ^^^ minimal polynomial 
of a in F' [X] , then a separability element is given by 



E 



^ T,]=0 CjO? 



a' ®F' 



»'fa)a'+-'- 

A fc-algebra A/ is said to be strongly separable in Kanzaki's sense if M has a 
symmetric separability element e (necessarily unique); i.e., T(e) = e where r is the 
twist map on M ^^ M . An equivalent condition is that M has a trace t : M ^r k 
(i.e., t(rnn) = t{nm) for all m,n € M) and elements a;i,... ,x„,yi,... ,y„ such 
that '^it{Tnxi)yi — m for all m S M and J^i^iVi — ^m- A third equivalent 
condition is that M has an invertible Hattori-Stalling rank over its center |Q]. It 
follows that the characteristic of fc does not divide the orders rii of the matrix blocks 
(i.e., Uilk / 0); for a separable fc-algebra M, this is also a sufficient condition for 
strong separability in case fc is algebraically closed. 

Strongly separable extensions. We are now ready to define the main object of 
investigation in this paper. 

Definition 2.2 (cf. O, E2|). A fc-algebra extension A^ C M is called a strongly 
separable, irreducible extension if M/N is an irreducible Frobenius extension with 
Frobenius homomorphism E : M -^ N , and dual bases {xi}, {yi} such that 
1. E{1)^0, 

Remark 2.3. Since M/N is irreducible, the centers of M and A'' are trivial, so 
E{1) = Ills for some nonzero fi & k. Then -E,iJ,Xi,yi is a new Frobenius homo- 
morphism with dual bases for M/N. With no loss of generality then, we assume 
that 

E{1) = 1. (4) 

It follows that M = N (B Ker E as 7V-iV-bimodules and E"^ = E when E is viewed 
inEndAr(M). Also 

^XjJ/j^A^Hm (5) 

i 

for some nonzero A € fc. It follows that XJ2i ^i ®yi is a. separability element and 
M/N is separable. The data E, Xi, yi for a strongly separable, irreducible extension, 
satisiying Eqs. (Q) and (||), is uniquely determined]^ 



^ There is a close but complicated relationship between Kanzaki strongly separable fc-algebras 
and strongly separable extensions A/kl in the sense of [h3]. Note that A = M2(-F2), where F2 is 
a field of characteristic 2, is not Kanzaki strongly separable, but is a strongly separable extension 
A/F2I since E{A) = an + ai2 + 021 and 

^ a:i (g) j/i = en ® 621 -I- ei2 (^ en -I- ei2 (^ 621 -I- 622 1^ ei2 -I- 622 1^ 622 + 621 (g) 622, 
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The basic construction. The basic construction begins witli the foUowing endo- 
morphism ring theorem, whose proof we sketch here for the sake of completeness: 

Theorem 2.4 (Cf. [|ll| |l2|). £/M is a strongly separable, irreducible extension of 
index X^^ . 

Proof. For a Frobenius extension M/N, we have £ = M (8)^? M by sending / i— > 
J2i fi^i) ® Ui with inverse m ® n ^-^ XmEXn in the notation above. We denote 
Ml := M (S)N M, and note that the multiplication on Mi induced by composition 
of endomorphisms is given by the E -multiplication: 

(mi ® TO2)(m,3 (g) TO4) — miE{m2m^) ® m^. (6) 

The unity element is li :— X^i-^* ® Vi ^^ ^^^ notation above. It is easy to see 
that Em '■= A/i, where fi is the multiplication mapping Mi — > M, is a normalized 
Frobenius homomorphism, and {X^^Xi CE) 1}, {1 (S^i/i} are dual bases satisfying Eqs. 
(i and (I). D 

We make note of the first Jones idempotent, ei := 1 Cg) 1 G A/i, which cyclically 
generates Mi as an M-M-bimodule: Mi = {J2i XiCiyi] Xi,yi G M}. In this paper, a 
Frobenius homomorphism E satisfying E{1) = 1 is called a conditional expectation. 
We describe Mi,ei,EM as the "basic construction" of iV C M. 

The Jones tower. The basic construction is repeated in order to produce the 
Jones tower of fc-algebras above A'' C M: 

N CM C Ml C A/2 C ■ • ■ (7) 

In this paper we will only need to consider M2, which is the basic construction of 
M C Ml. As such it is given by 

M2 = Ml ^M Ml = M ®N M ®N M (8) 

with £'7\/-multiplication, and conditional expectation Emi '.— Xfi : M2 -^ Mi given 

by 

mi (X) m2 m^ 1-^ XmiE{m2) m^. 
The second Jones idempotent is given by 

62 = li (8) li = ^ a;j (8) ViXj yj, 

and satisfies e| = 62 in the ii'^f -niultiplication of M2 . 

The braid-like relations. Note that I2 = X^i ^~^^i ®^®yi and £'Mi(ei+i) = 
Al where M^ denotes M. Then the following relations between 61,62 are readily 
computed in M2 without the hypothesis of irreducibility: 

Proposition 2.5. 

616261 = Aeil2 
626162 = Ae2. 
Proof. The proof can be found in [Q Ch. 3] . D 



satisfies "^^i^iVi = 1) ^(1) = 1, E a Frobenius homomor phi sm with dual bases Xi,yi. However, 
a strongly separable extension A/kl with Markov trace |12[ is Kanzaki strongly separable; and 
conversely, if fc = Z{A). 
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3. Depth 2 properties 

In this section, we place depth 2 conditions on the modules mMi and M1M2 
by requiring that they are free with bases in A := Cmi{N) and B := Cm2{M), 
respectively. We then show that A and B are separable algebras with Em\a and 
Emi\b, respectively, as faithful linear functionals. The classical depth 2 property, 
coming from subfactor theory M, is established for the large centralizer, C := 
Cm2(-^); i-S-, C is the basic construction of A or B over the trivial centralizer 
with conditional expectations E^ and Eq studied later in the section. We next 
establish the important property that F := Em o Emi restricts to a faithful linear 
functional on C. We interpret the various Nakayama automorphisms arising from 
F, Em\a and Emi\b- The important Pimsner-Popa identities are established. We 
end this section by recalling the basic properties of Hopf-Galois extensions, and 



prove Theorem B.14 which states that an i?-Galois extension is strongly separable 



of depth 2 if iJ is a scmisimple, cosemisimple Hopf algebra. This establishes one of 



the implications in Theorem 1.2. 



Finite depth and depth 2 conditions. We extend the notion of depth known 
in subfactor theory Q to Frobenius extensions. 

Lemma 3.1. For all n > 1 in the Jones tower ^ the following conditions are 
equivalent (we denote A/_i ~ N and Mq — M ) : 

(1) Mn-i is a free right Mn^2-'m-odule with a basis in CAf„_i(-/V) (respectively, 
Mn is a free right Mn-i-module with a basis in CMn{M))- 

(2) There exist orthogonal dual bases for Em„_2 *'^C'm„_i(^) (respectively, there 
exist orthogonal dual bases for Em„-i ™ ^M„i-^))- 

Proof. We show that (1) implies (2), the other implication is trivial. Denote by 
{zi} and {wi} orthogonal dual bases in M„_i for £'m„_2i where {zi} C Cm„_i(-^)- 
We compute that Wi G C]\i^_-^{N): 

XWi = y^ xEm„_2 {WiZj)Wj — y^SijXVUj = y^ Em„-2 {WiXZj)Wj — WiX 

3 3 3 

for every x & N . The second statement in the proposition is proven similarly with 
dual bases {uj} in Cj\/,^(Af) and therefore {vj} in Cm„{^)- D 

We say that a Frobenius extension M/N has a finite depth if the equivalent 



conditions of Lemma 3.1 are satisfied for some n > 1 . It is not hard to check that 
in this case they also hold true for n + 1 (and, hence, for all k > n). Indeed, if 
{uj} and {vj} are as above, then {X~^Ujen+i}, {en+iVj} C Cm„+i{M) is a pair of 
orthogonal dual bases for Em^^ ■ We then define the depth of a finite depth extension 
M/N to be the smallest number n for which these conditions hold. In the trivial 
case, an irreducible extension of depth 1 leads to M = iV. 
Let A and B denote the "second" centralizer algebras: 

A:=CmAN), B:^Cm2{M). 

The depth 2 conditions that we will use in this paper are then explicitly: 

1. Ml is a free right M-module with basis in A\ 

2. M2 is a free right Mi-module with basis in B. 
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It is easy to show that Mi and M2 are also free as left M— and Mi— modules, 
respectively. Note that the depth 2 conditions make sense for an arbitrary ring 
extension M/N where Mi and M2 stand for the successive endomorphism rings. 

In what follows, we assume that M/N has depth 2 and denote {zi}, {wi} C A 
orthogonal dual bases for Ej^j and {ui}, {vi} C B orthogonal dual bases for Emi 



that exist by Lemma 3.1 



Proposition 3.2. A and B are separable algebras. 

Proof. For all a € A, we have J2i EM{azi)wi = a — J2i ZiEM(wia) where EM{aZi) 
and EM{wia) lie in Cm{N) = klM- {zi} is linearly independent over M, whence 
over fc, so A, similarly B, is finite dimensional. 

It follows that Em restricted to A is a Frobenius homomorphism. Since {zi}, 
{wi} arc dual bases and [Mi : M]em — A^^, it follows that Xj^i Zi®Wi is a separa- 
bility element. Similarly, _B is a Frobenius algebra with Frobenius homomorphism 
-Ejv/i , and a separable algebra with separability element A^ Uj ®Vj. D 

The lemma below is a first step to the main result that M2 is a smash product of 



B and Mi (cf. Theorem 5.3) 



Lemma 3.3. We have Mi = M (^k A as M-A-bimodules, and M2 = Mi ®fe B as 
Mi-B-bimodules. 

Proof. We map w G Mi into ^^ EM{wZi)®Wi £ M®A, which has inverse mapping 
m®a & M ® A into ma £ Mi. 

The proof of the second statement is completely similar. D 

We let C = CmAN). Note that A C C and B C C. Of course AI2 n B = kh 
since Cmi{M) = kli. We will now show in a series of steps the classical depth 2 
property that C is the basic construction of ^ or _B over the trivial centralizer. 

Lemma 3.4. C = A ®fe B via multiplication a >S) b >—>■ ab and C '^ B 0^ A via 

b ® a i-^ ba. 

Proof. If c e C, then ^ ■ Emi (cuj) ®Vj ^ A® B, which provides an inverse to the 
first map above. The second part is established similarly. D 

Lemma 3.5. We have 62^ = e2C and Ae2 = Ce2 as subsets of M2. Also, eiB = 
eiC and Bei — Cei in M2. 

Proof. For each b E B we have bj , fe' e Mi such that 

626 = li (g) li ^ bj ® b'^ = 62 ^ EM{bj)b'j e fce2 
j 3 

since J2j EM{bj)b'j e CmAM) = kl. Then 62(7 = e2BA = 62 A. The second 
equality is proven similarly. The second statement is proven in the same way by 
making use of eiA = Aei = kei. D 

We place the i?7\/-multiplication on A® A, and the £'mi -multiplication on B®B 
below. 

Proposition 3.6 (Depth 2 property). We have C — Ae2A and C = A ®k A a.s 
rings. Also, C = BeiB and C ^ B ®k B as rings. 
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Proof. Clearly Ae2A C C. Conversely, if c G C, then c = X)? -^a/i(cMj)uj. But 
^ Uj ® Vj ~ X^^ ^j 2^62 d) e2Wi by the endoniorphisni ring theorem and the fact 
that both are dual bases for Emi- Then c = A^^ '^i EMi{czie2)e2Wi G Ae2A as 
desired. 

Since 62^62 = Em{w)&2 for every w G Mi, we obtain the _EM-niultiplication on 
Ae2A. Then C = Ae2A = A ®m A = A®kA since A n M = Cm{N) = fclj\/- 

For the second statement, we observe: 

C = Ae2A = ^626162^ C CeiC = BeiS, 

while the opposite inclusion is immediate. The ring isomorphism follows from the 
identity: 

eicei = eiEMiic) (9) 

for all c £ C, since B n A^l2 ^ ^(-^) — kl. For there are 0^,6^ G A such that 
c = J^i'^i^'^bi , and 77,77' : A — > /c such that, for all a G A, eia = 6177(0) while 
aei — r]'{a)ei by irreducibility. Then we easily compute that 77 — rj' . Then: 

eicei = y^ 610^626^61 = y^ ■r]{ai)r]{bi)eie2ei 



A^6iOi6j = 6ii?Mi(c). D 



In Section 3 it will be apparent that 77 is the counit s on A. 

Corollary 3.7. If 77, = #{7%} = i^{vj}, then C = Mn{k) where the characteristic 
of k does not divide n. 

Proof. Since _B is a Frobenius algebra with Frobenius homomorphism Emi , it fol- 
lows from the isomorphism, Endfc(i3) ^ B ® B that 

C^Endfe(B)=M„(A:). (10) 

We have char k j{n since the index A~^ = 77,1^ / 0. D 

Since we can use A in place of B to conclude that C = Endfe(j4) in the proof 
above, we see that dim^ A = dinife B. Although C has a faithful trace, we will 
prefer the faithful linear functional F studied below for its Markov-like properties 



in Corollary 3.11 



Proposition 3.8. F :— Em o Emi is a faithful linear functional on C. 

Proof. We see that Em{Emi{C)) G Cm{N) = fcl, and we identify fcl with k. If 
c = a G AI2, we see that 

F{aC) = EM{aEMAC)) = EuiaA) - 



implies that a = by Proposition 3.2, since Em is a Frobenius homomorphism on 
A and therefore faithful. 



If c = 5 G S, then by Lemma 3.4 



F{bC) = Em Em, (bC) = Em (Em, {bB)A) = 

implies first Em, {bB) = 0, hence 5 = 0. 

If c G C, then there are o^ G A (= Em, (cui)) such that c = ^^ OjTJi. Then 

F{cC) = J2 EM{a^A)EM, [v^B) = 



10 LARS KADISON AND DMITRI NIKSHYCH 



c 


Q 


c 


i 




i 


A 


> 


A 



Figure 1 . The vertical arrows are given by the conditional expec- 
tation Emx\c- 

implies that each a^ = 0, since if a^ ^ 0, then EMiivtB) = 0, a contradiction. 
Hence, F is faithful on C. D 

Denote the Nakayama automorphism of F on C by g : C — > C. It follows from 



Corollary 3/7 that q is an inner automorphism. We note some other Nakayama 
automorphisms and study next their inter-relationships. Let qa '■ A —^ A he the 
Nakayama automorphism for Em on A. 

Let qb '■ B ^ B he the Nakayama automorphism for Emi on B. Let q : B ^ B 
be the Nakayama automorphism for F := Em o Emi '■ Ah -^ M, a Frobenius 



homomorphism by Proposition 2.1 



Proposition 3.9. We have qs — <i — 9|s, <IA = <?U ^^^ commutativity of the 
diagram in Figure El 

Proof. We have for each b ^ B, c E C: 

F{cb) = F{q{b)c) = F{q{b)c) 

whence by faithfulness q\B = q- Then q sends B onto itself, so 

SA/i(te(&2)foi) = EMAbib2) - Fibib2) = F{q{b2)bi) = Sm^ (9(^2)61) 

for each 61, 62 G B, whence qB ~ q\B- 
As for qA, we note that 

Fiqia)c) = F{ca) = F{EMA'^)a) - F((7^(a)SMi (c)) = F(r7^(a)c) 

for every a G A,c € C, whence q — qA on A. 

Commutativity of Figure w follows from the computation applying Eq. (O) : 

F{q{EMAc)y) = Fic'EMAc)) = F{EmAc')c) = F{q{c)EMAc')) = F(FMi(g(c))c'), 
for aU c, c' (^C. U 

We now compute the conditional expectation of C onto B, a lemma we will need 
in Section 3. 

Lemma 3.10. The map Eb : C ^ B defined by Eb{c) ~ Tlj-^i^'^j)''^] f^''' '^^^ 
c E C is a conditional expectation. 

Proof. We first note that Eb is the identity on B, since EMi{buj) G /cli, whence 
EB{b) = J2j EM{li)EMi{buj)vj = b. Since Em{Emi{cuj)) G fcl for all c e C, we 
have for each b,b' G B: 

EBibeib') = Y.F{beib'uj)v,=J2EM{eiEMAb'ujq'Ab))vj 
j j 

= xY,EMdbb'uj)vj^\bb' 
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It follows from Proposition 3.6 that Eb is a _B-i?-biniodule homoniorphism (it 
corresponds to X^ : B ® B ^ B under the isomorphism 6 fe' h^ heib' oi B (E) B 
with C). 

That Eb is a Frobenius homoniorphism follows from P, Lemma 2.6.1], if we 
show it is one-sided faithful, e.g., Eb{Cc) = implies c = 0. But this follows from 
F being faithful and orthogonality of the dual bases {ui} and {vi}. D 

The corresponding conditional expectation Ea : C — > A is easily seen to be Emi 
restricted to C. We next record several Markov-like properties of F : C — > fc. 

Corollary 3.11. The linear functional F satisfies the following properties with 
respect to Emi and Eb'- 

F{aEMAc)) = Fiac), F{EmA(^» = F{ca), (11) 

F{bEB{c)) = F{bc), F{EB{c)b) ^ F{cb), 

for all a e A, 6 e _B, c e C. In particular, we have the following Markov relations: 
F{ae2) = F{e2a) = AF(a), F{bei) = F{eib) = XF{b). 

Proof. According to the definitions of F and Eb , we have F o Emi = F o Eb = F 
and also EMi{e-2) = A, EB{ei) = A, whence the result. D 

The Pimsner-Popa identities. We note that: 

\^^eiEM[&ix) — eix Vx e Mi 

A"^e2£'Mi(e2y) = eay Vy £ M2. 

Proof. Let X = X^i '^i®"!^ '^tiere TOi,77iJ S Ml. Then 620; = 62 X^z ^M(wi)m', and 
Emi{g2x) = A^j EM{mi)m[ from which one of the equations follows. The other 
equation is similarly shown, as are the opposite Pimsner-Popa identities. 

Corollary 3.12. ei G Z{A), €2 E Z{B), and we have g(ei) == ei, 9(62) = 62. 

Proof. From Eq. (0) 

eia = eiaei = aei, 
for all a £ A. It is clear from Eq. (^) that a Nakayama automorphism fixes elements 
in the center of a Frobenius algebra. The assertions about 62 are shown similarly. D 

When Hopf-Galois extensions are strongly separable. We recall a few facts 
about Hopf-Galois extensions |1^. If 7J is a finite dimensional Hopf fc-algebra 
with counit e and comultiplication A(/i) = /i(i) (g) ^(2), then its dual H* is a Hopf 
algebra as well (and H** = H). Thus we have the following dual notions of algebra 
extension: M/N is a right i/*-comodule algebra extension with coaction M — > 
M ® H, denoted by p{a) = a(o) (gi a(i), and N = {b & M\ p{b) = 6 (g) 1} if and 
only if M/N is a left H-module algebra extension with action of iJ on M given by 
ht> a — 0(0) ( o■{l)^ h ) and N ^ {b £ M\ \fh E H, h>b ~ e{h)b}. Conversely, given 
an action of H on M and dual bases {uj}, {pj} for H and H* , a coaction is given 

by 

p{a) — ^'^{uj >a) (E>Pj. (12) 

Recall on the one hand that M/N is an H*- Galois extension if it is a right 
i/*-comodule algebra such that the Galois map (3 : M ®jv M ^ M (g) H* given by 
a(g) a' >—>■ aa',„^ ® a',^. is bijective. 



12 LARS KADISON AND DMITRI NIKSHYCH 

M(E)N M A M(E)H* 
EndMjv ^ Af#i/ 

Figure 2. Commutative diagram where the left vertical mapping 
is given by m (g) ?n' i— > XmEXm' and the right vertical mapping is 
the isomorphism \d®0. 

Recall on the other hand that given a left iJ-module algebra M, there is the 
smash product M^H with subalgebras M = Af#l, H = l#i/ and commutation 
relation ha = (/i(i) >a)ft-(2) for all a S Af, h € H. If N again denotes the subalgebra 
of invariants, then there is a natural algebra homomorphism of the smash product 
into the right endomorphism ring, ^ : M^H -^ End(Af7v) given by m^h i-^ 
m{h > •). We will use the following basic proposition in Section 5 (and prove part 
of the forward implication below) : 

Proposition 3.13 (jlj, |25|). An i/-module algebra extension M/N is if*-Galois 

if and only if M^H ^ End(A/Ar) via ^, and Af^r is a finitely generated projective 
module. 



The following theorem is a converse to our main theorem in 5.5. Let H he a, 
finite dimensional, semisimple and cosemisimple Hopf algebra. 

Theorem 3.14 (Cf. |l2|, 3.2). Suppose M is a k-algebra and left H -module alge- 
bra with subalgebra of invariants N. If M/N is an irreducible right H* -Galois 
extension, then M/N is a strongly separable, irreducible extension of depth 2 with 
End[MM) = M#H. 

Proof. Since H is finite dimensional (co)semisimple, H is (co)unimodular and there 
are integrals / e J^, and t ^ J^ such that /(t) = f{S{t)) = Ik, s{t) = 1 and 

/(I) ^ 0. Moreover, g ^^ {t ^ g) gives a Frobenius isomorphism 9 : H* ^ H , 
where t ■>— f = /(i(i))t(2) = Iff, since / integral in H* means x ■'— f ~ f{x)lH for 
every x G H . 

li f3 : M ®Ar M ^r M ® H* is the Galois isomorphism, given hy m ^ m' i— > 
mm',QS ® m/J^^ , then ip — (idM ^0)o f3 is the isomorphism M (X)jv M -^ M^H given 

by 

m (g) m' 1-^ mm'^o-, (g) (t ^ TO(^^) = ^(to^^), i(i) )to(q) ® t(2) 

= m(tii\ ■ m!) ® i(2) — Tntm' . 

Now define E : M -^ N hy E{rn) — t ■ m, where t ■ m G N since h ■ {t ■ m) = 
(ht) ■ m = e{h)t ■ m. Note that E is an 7V-7V-bimodule map and E(l) = e{t)l = 1. 

Denote /3-i(l«)/) = J2^x^'^y^ & M®nM. Since (\d®e){l®f) = 1#1, which 
is sent by ^ to idM, it follows that Yl,i Xi{Eyi) — idjv/ (cf. Figure g).[| 



•^ _B is in fact an Frobenius homomorpliisni with dual bases {xi}, {yi}, the other equation, 
'}2i{^i^)yi — idjvf , following readily from a computation using /3' = r; o /3, where /3' is the 
"opposite" Galois mapping given by fi' (in (g) in') = miQ\m' (55 rai^\ and ri is an automorphism of 
M (g) H* given by ri{m ® g) = m(o) ® ni(i)S'((/) [|l4- 
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The homoniorphisni '5 : AI=f/=H -^ End(AfAr) (given by m^h i — > [m! h^ to(/i ■ 
m'))) is now readily checked to have inverse mapping given by g i-^ '^i9i^i)tyi 

By counitarity of the _ff*-comodule AI, then /i : M (S)n M -^ M factors through 
/3 and the map M ® H* — > M given hy m®g ^^ mg{l). Then J^i^iVi ^ /(l-ff)lA/, 
whence the fc-index [M : N]e is A~-^ = /(Iff)- 

It is not hard to compute that Cm#h{N) ~ Cm{N)^H which is H since M/N 
is irreducible. Since M^H is free over M with basis in H, we see that the first half 
of the depth 2 condition is satisfied. 

The second half of depth 2 follows from noting that M^H is a right iJ-Galois 
extension of M . For the coaction M^H -^ (M^H) (g) iJ is given by 

m^h 1-^ m^h^i^ (g) hi^2y (13) 

One may compute the inverse of the Galois map to be given by j3~^{m^h ® h') = 
mhS(h',^s) ® K^y Then M2 = M^H^H* and the rest of the proof proceeds as in 
the previous paragraph. D 

The proof shows that an _ff-Galois extension M/N has an endomorphism ring 
theorem: £/M is an 7J*-Galois extension. A converse to the endomorphism ring 
theorem depends on £/M being H* -cleft, as discussed in Section 6. 

4. HOPF ALGEBRA STRUCTURES ON CENTRALIZERS 

In this section, we define and study an important non-degenerate pairing of A 
and B given by Eq. ( |l4| ) . This transfers the algebra structure of A onto a coalgebra 
structure of B, and vice versa. The rest of the section is devoted to showing that 
B is a Hopf algebra with an antipode S satisfying S^ = id. The key step in this 



and the next sections is Proposition 4.6 



A duality form. As in Section 2, we let TV C M C Mi C M2 C • • • be the Jones 
tower constructed from a strongly separable irreducible extension N C M of depth 
2, F — Em ° Emi denote the functional on C defined in Proposition |3.8| , ei e 
Ml, 62 e M2 be the first two Jones idempotents of the tower, and A~^ = [M : N] 
be the index. 

Proposition 4.1. The bilinear form 

{a,b) = X-^F{ae2eib), aEA,beB, (14) 

is non-degenerate on A(g B. 

Proof. li {a, B) = for some a E A, then we have F{ae2eic) = for all c G C, 
since e^B — eiC by Lemma [3.5|. Taking c — e2q~^{a') (a' 6 A) and using the braid- 



like relations between Jones idempotents and Markov property (Corollary 3.11) of 
F we have 

F{a'a) = \-^F{a'ae2) = X'^ F{ae2q^^{a')) = X-^F{ae2ei{e2q~\a)) = 

for all a' G A, therefore a = (by Proposition p^ ). 

Similarly, if (A, 6} = for some 6, then F{ce2eib) — for all c E C, which for 
c = q(b')ei (&' G B) gives 

F{bb') = \-^F{eibb') = \-^F{q{b')eib) = X-^F{{q{b')ei)e2eib) = 

for aU 6' G B, therefore 6 = 0. D 
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Observe that since fc is a field the Proposition above shows that the map b h^ 
-Emi (62616) is a hnear isomorphism between B and A. Indeed, -Ea/i (62616) = 
impHes that for all a £ ^ one has 

F(ae2ei6) = F(aSMi (62616)) = 0, 

whence 6 = by nondegeneracy. 

A coalgebra structure. Using the above duality form we introduce a coalgebra 
structure on B. 

Definition 4.2. The algebra B has a comultiplication A : B ^ B (^ B, b ^^ 
6(1) ® 6(2) defined by 

(a, 6(1) }( a', 6(2)) = (aa', 6) (15) 

for all a,a' E A, b E B, and counit e : B ^ k given by (V6 G B) 

£(6) = (1,6). (16) 

Proposition 4.3. For all 6, c e _B we have : 

e(6) = X-^F{be2), (17) 

A(1) = 1®1, (18) 

e(66') =£(6)e(6'). (19) 

Proof. We use the Pimsner-Popa identities together with Corollaries 3.11 and [3.12 
to compute 

e{b) = A-2F(e26i6) = \-'^F{eibe2) = A-iF(6e2), 

(a,l)(a',l} = A^'*F(ae26i)i^(a'e26i) 

= X-^F{aei)F{a'ei) = \-^F{aEM{a' ei)ei) 

= \-^F{aa'ei) = {aa' , 1), 

e(6)£(6') = A-2F(6e2)f(6'e2)=A-2F(6£;Afi(6'e2)62) 

= \-^F{bb'e2) = e(66'), 

for all a, a' E A, b,b' G B (note that the restriction of Em\a — F and Emi \b = F, 
identifying k and fcl). D 

The antipode of B. Recall that the map 6 1-^ Emi (62616) is a linear isomorphism 
between B and A. But considering the Jones tower N°p C M°p C M°^ C M^^ 
of the opposite algebras, we conclude that the map 6 1— > -Bmi (66162) is a linear 
isomorphism as well. This lets us define a linear map S : B ^t B, called the 
antipode, as follows. 

Definition 4.4. For every b G B define S{b) e _B to be the unique element such 
that 

F(g(6)eie2a) = F{ae2eiS{b)), for all a £ A, 

or, equivalently, 

^A/i (66162) = ^A/i (62615(6)). 
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Remark 4.5. Note that S is bijective and that the above condition impUes 

Em, (6x62) = Em, {e2xS{b)), for aU x e Ah. (20) 

Indeed, B commutes with M and any x € Mi can be written as a; = ^^ mieiUi 
with mi,ni G M, so that 

EM,{bxe2) = 'EimiEMAbeie2)ni = S^ m^E^Mi (e2eiS'(6))ni = EM,{e2xS{b)). 

A and B are Hopf algebras. To prove that B is Hopf algebra, it remains to 
show that A is a homomorphism and that 5* satisfies the antipode axioms. The 
next proposition is also the key ingredient for an action of B on Mi which makes 
M2 a smash product. 

Proposition 4.6. For all 6 G -B and y G Mi we have 

yh = \^^b(2)EMt{e2yb(i)). 

Proof. First, let us show that the above equality holds true in the special case 
y = ei. Let Eb be the conditional expectation from C to B given by Eb{c) = 
Ei F{cui)vi as in Proposition BTO, 



We claim that for any c G C we have c = if ( a, Eb {ca') ) = for all a, a' G A. 
For since C = BA, let c = J^i biOi with a^ G A and bi G B, then 

{a, EB{ca'))^Y.{a, b,EB{a^a')) ^Y. {a, b,)F{a,a'), 

i i 

and the latter expression is equal to for all a, a' G A only if for each i either a.; — 
or b, ^ 0. 

Observe that q restricted to A coincides with the Nakayama automorphism qA '. 
A ^ A oi the Frobenius extension Mi /N since 

Fiqia)c) = F{ca) = F{Em, {c)a) = E o EM{qA{a)EM, (c)) = F{qA{a)c), 

therefore, using the Pimsner-Popa identity for C — BeiB, we establish the propo- 
sition for y — ei. 

(a, EB{eiba')) = X-^F{ae2eiEB{eiba')) 

^ \-^F{ae2eiba') ^ X{q{a')a, 6), 

(a, A"^fe(2)£'s(-EMi(e2ei6(i))a')) = A"^(a, 6(2) )i^(e2eife(i)a') 

= Ma, b(2)){q{a'), b(i) ) = \{q{a')a, b), 

since Eb\a — F. 



Next, arguing as in Remark 4.5 we write y — T,i mieirii with rn^, rii G Af , whence 



yb = 'E^m^eibn^ = A ^E, mi6(2)^Mi (62616(1))^^ = &(2)£'Afi (e2yfo(i)). D 

Corollary 4.7. For all fe G i? and x, y G Mi we have: 

EM,{e2xyb) == A^^E'a/^ (62x^(2) )^Mi (e2y&(i))- 



Proof. The result follows from multiplying the identity from Proposition 4.6 by 622; 



on the left and taking Em, from both sides. D 



Although the antipode axiom (cf. Prop. 4.12) implies that S* is a coalgebra anti- 



homomorphism, we will have to establish these two properties of S in the reverse 



order, as stepping stones to Propositions 4.11 and 4.12 



Lemma 4.8. S is a coalgebra anti-automorphism. 



16 
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Proof. For all a, a' £ A and b £ B we have by Corollary 4.7 : 

{aa\S{b)) = X^ F{q{b)eie2aa) — X' F{eie2EMi{e2aa'b)) 

= X^^F{eie2EMi {e2ab(2))EMx (e2a'6(i))) 

= A"®F(eie2£'A/i (e2a6(2)))i^(eie2i?Afi (e2a'6(i))) 

= A"''F(eie2a6(2))F(eie2a'6(i)) 

= \^^F[q{b^2))ele2a)F{q{b^l))ele2a') 

= (a, 5(6(2)) )(a', 5(6(1))), 

where we use the definition of S, the Pimsner-Popa identity, and Corollary p. 11 . 
Thus, A(5(6)) = 5(6(2)) ® 5(6(1)). □ 

Corollary 4.9. For all 6 G i? and x,y £ Mi we have : 

EMiibxye2) = A^^^Mi (6(i)a;e2)£^Mi (6(2)2/62) 



Proof. We obtain this formula by replacing 6 with 5(6) in Corollary 4.7 and using 
Eq. (pO|) as well as Lemma 4.8. D 



Proposition 4.10. 5^ = gj^^ 

Proof. The statement follows from the direct computation : 
F{ae2eiq-\b)) = A-1F(^Mi (6062)6261) 

= A-iF(^Mi(62a5(6))e26i) 
= A-i^(e2SMi(62a5(6))ei) 
= ^(62a5(6)ei) = F{aEM, (5(6)6162)) 

- ^(062615^(6)), 

for all a G A and b £ B, using Remark E^ and Corollary 3.12. 



Proposition 4.11. A is an algebra homomorphism. 

Proof. Note that gjs is a coalgebra automorphism by Proposition 4.10| . 
By Corollary 4.9 we have, for all a, a' £ A and b,b' £ B : 

{aa',bb') = {\^^EMt{q{b')aa €2), b) 

= {X^'^EMA'l{b'){i)ae2)EMA<l{b')i^2)a'e2), 6) 

= (A-ii?Mi(<7(6'(i))ae2),6(i))(A-ii?Afi(<z(6'(2))a'62), 6(2)) 

= (a, ^i)&(i))(a'> ^2)&(2)>: 
whence A(66') = A(6)A(6'). 

Proposition 4.12. For all 6 G -B we have 5(6(i))6(2) = ^(6)1 = 6(i)5(6(2)). 
Proof. Using Corollary 4.9 and the definition of the antipode we have 

(a, 5(6(i))6(2)) = A"^(£;A/i(g(6(2))ae2), 5(6(1))) 

= A"^i^(q(6(i))eie2£;A./i (g(6(2))ae2)) 

= A"'V(£;Afi(g(6(i))6i62)£;Afi(g(6(2))a62)) 

= A"2^(g(6)eiae2) = A"2F(eiae26) 
= A"2i^(6ia)F(662) = (a, l£(6)). 



D 



D 
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Va G A, 6 G B. The second identity follows similarly from Corollary 4.7 and the 
corollary q o S — S^^ from Proposition [4.10| : 

(a, 6(i)S'(6(2))) = A"i(£;Mi(g('S'(6(2)))ae2), 6(1)) 

= X^^F{EMiiqiS{b^2)))ae2)e2eib(i)) 

= A-3F(SMi(^"'(6(2))ae2)e2ei6(i)) 

= A"'V(£:Afi(e2afe(2))-E^Mi (62616(1))) 

= A"^F(e2aei6) = A"2i^(aei6e2) = ( a, le{b) ), 

i.e., S satisfies the antipode properties. D 

Theorem 4.13. A and B are semisimple Hopf algebras. 



Proof. Follows from Propositions 4.3, 4.41, 4.42, and 3.2, Note that semisimplicity 



and separability are notions that coincide for finite dimensional 44opf algebras |ri 



The non-degenerate duality form of Proposition 4.4 makes A the Hopf algebra dual 



to B. D 

Corollary 4.14. The antipodes of A and B satisfy S^ — id, F is a trace, and A, 
B are Kanzaki strongly separable. 

Proof. Etingof and Gelaki proved that a semisimple and cosemisimple Hopf algebra 
is involutive M. It follows from Proposition 4.40 that qs — ids. But we compute: 



(a, q-'ib)) ^ X-'F{bae2ei) ^ \-^F{q{a)e2eib) ^ {q{a), b) 

for all a G A, 6 G -B, from which it follows that S\ = qA = id^. Since C — BA, we 
have q = idc- Whence F, Em and Emi are traces on C, A and B, respectively. 



It follows from Proposition 3.2 that {X~^Emi \b, Xui, Vi} is a separable basis for 
B; similarly, {X^^Em\a, Xzi,Wi} is a separable basis for A, whence A and B are 
strongly separable algebras. D 

Remark 4.45. Note that 62 is a (2-sided) integral in B, since ( a, 626 ) = ( a, 62 )e(6) — 
{ a, be2 ) by the Pimsner-Popa identity. Similarly, ei is an integral in A. 

5. Action of B on Mi and M2 as a smash product 

In this section we define the Ocneanu-Szymahski action of B on Af 1 . which makes 
Ml a i3-module algebra (cf. Eq. (pl|)). We then describe M as its subalgebra of 
invariants and M2 as the smash product algebra of B and Mi . As a corollary, we 
note that Mi/M and M2/M1 are respectively A- and B-Galois extensions. 

Proposition 5.1. The map > : B (g) Mi -^ Mi : 

b>x = X-^EMAbxe2) (24) 

defines a left i?- module algebra action on Af 1 , called the Ocneanu-Szymanski action. 

Proof. The above map defines a left i?- module structure on Afi, since 4 i> a; := 
X~^EMi{xe2) ~ X and 

b>{ct>x) = X^'^Em^ {bEMt {cxe2)e2) = X^^Emi {bcxe2) = (be) t> x. 

Next, Corollary |4.9| implies that b\> xy = (6(1) t> x){b(2) ^ v)- Finally, 6 i> 4 = 
X-^Em, (662) = A-iF(6e2)4 = e{b)l. U 
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We note that an application of Proposition i.t provides another formula for the 
action of B on Mi : 

6>.T^6(i)a;5(6(2)). (22) 

Proposition 5.2. M^ = M, i.e., M is the subalgebra of invariants of Mi. 

Proof. If a; G Mi is such that b>x — e{h)x for all b € B, then EmA^^^^) = \e{h)x. 
Letting fo = 62 we obtain Em{x) = ^~^E]\j-^{e2xe2) = s{e2)x = x, therefore x G A4. 
Conversely, if x G Af , then x commutes with 62 and 

bt>x = X^^EMi{be2x) = X^^EMi{be2)x = e{b)x, 

therefore Mf = M. D 

Note from the proof that e2> x — Em{x), i.e., the conditional expectation Em 
is action on Mi by the integral 62 in B. The rest of this section is strictly speaking 
not required for Section 6. 

Theorem 5.3. The map 9 : x^b >—>■ xb defines an algebra isomorphism between 
the smash product algebra Mi^B and A/2. 



Proof. The bijectivity of 9 follows from Lemma 3.3. To see that is a homomor- 
phism it suffices to note that by — (6(1) > y)b(2) for all 6 G i? and y G Mi. Indeed, 
using Eq. (H), 

(&(i)>y)&(2) = bi^i-jyS{b(^2))b{3) 

= b(i)ye{b(2)) = by. D 



From this and Lemma 3.4, we conclude that 



Corollary 5.4. C ^ A#B. 

Corollary 5.5. Mi/M is an A-Galois extension. M2/M1 is a B-Galois extension. 

Proof. Dual to the left i?-module algebra Mi defined above is a right A-comodule 
algebra Mi with the same subalgebra of coinvariants M, since B* = A. By The- 
orem B|3 and the endomorphism ring theorem, Mi^B ^ M2 ^ End^(A/i) is 
given by the natural map x^b 1-^ x{b \> •) since if 6 = J2i 01620^ for Ui, a[ G A, then 
for aU y e Ml, 

x{b>y) ^ \^^'^xa^EM^{e2a'.a|e2) ^ x'^a.^EMia'^y). 



By Proposition 3.13 then, Afi is a right A-Galois extension of M. 

It follows from the endomorphism ring theorem for Hopf-Galois extensions (cf. 
end of Section 3) that M2/M1 is B-Galois. D 

Since Af2 is a smash product of Mi and i?, thus a i?-comodule algebra, it has a 
left j4- module algebra action given by applying Eq. (113): 

a > {mb) = ( a, 6(2) )m6(i) , 
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for every a & A,m e Mi,b e B.^ We remark that Mi/M and M2/M1 are faithfully 
flat (indeed free) Hopf-Galois extensions with normal basis property |17t[chap. 8]. 

6. Action of A on M and Mi as a smash product 

In this section, we note that M\jM is an A-cleft A-extension (Proposition |6. l| ) . It 
follows from a theorem in the Hopf algebra literature that M\ is a crossed product of 
M and A. The cocycle a determining the algebra structure of M^„A is in this case 



trivial. Whence M\ = Mj^A and M/N is a left _B-Galois extension (Theorem 3.3). 



We end the section with a proof of Theorem 1.2 and a proposal for further study. 
From the Ocneanu-Szymahski action given in Eq. ( 2l[), we note that B t> A — 
A. The next proposition shows, based on Corollary 4.14 , that the action of B 
on A yields a coaction A -^ A ® A (when dualized) which is identical with the 
comultiplication on A. Recall that an extension of fc-algebras N' C M' is called 
an A-extension if A is a Hopf algebra co-acting on M' such that M' is a right A- 
comodule algebra with N' = M''^° M^: e.g. Mi/M is an A-extension by duality 
since A is finite dimensional. An A-extension M' /N' is A-cleft if there is a right 
A-comodule map 7 : A — > M' which is invertible with respect to the convolution 
product on Hom(A, M') 0, g. 

Proposition 6.1. The natural inclusion i : A ^^ Mi is a total integral such that 
the A-extension Mi/M is A-clcft. 

Proof. Since t(l) = 1, we show that i is a total integral by showing it is a right 
A-comodule morphism [y| . Denoting the coaction Mi -^ Mi ® A (which is the dual 
of Action |2l| ) by w 1-^ w/q) (X" w/i\ , we have wrQ\ { w/i\ ,b) = b> w for every b E B. 
Since each ojo) G A by Eq. (|l2|), it suffices to check that ojo) ® a(i) — a(i) ® o,(2)- 

( a(i) , 5 ) ( 0(2) ,b') = {a,bb') = \-^F{ae2eibb') 

- \-''F{EMAb'ae2)e2eib) = ( A"1Smi (fo'aea), 6) 
= (a(o),fe)(a(i),6'). 

Finally, we note that i has convolution inverse in Hom(A, Mi) given by i o S* where 
S : A ^t A denotes the antipode on A. D 

We recall the following result of Doi and Takeuchi (see also |1^, Prop. 7.2.3] and 

Proposition 6.2 (Q). Suppose M' jN' is an A-extension, which is A-cleft by a 
total integral 7 : A ^ M' . Then there is a crossed product action of A on N' given 

by 

a-n = 7(a(i))n7"^(a(2)) (23) 

for all a e A, n G A^', and a cocycle a : A® A^t N' given by 

CT(a, a!) = 7(a(i))7(a(i))7~^(a(2)a'(2)) (24) 



''Alternatively, the depth 2 condition is satisfied by M\/M due to Theorem 3.14, and 
CM^i^l) — ^ via a I— > d where F{ae2eib) = Ef^j-^EM^i^^i^id) for all b G B; whence we 
may repeat the arguments in Sections 3 - 5 to define an A-module algebra action on M2, 
aom2 = \~^E]xf2 ((^"1263), where M3, -Bm2 ^'id ^3 ^.re of cour se th e basic construction of M2/M1 . 



This is the same action of A on M2 by repeating Proposition 6.1 
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for all a, a' G A, such that M' is isomorphic as algebras to a crossed product of A 
with N' and cocycle a: 

M' ^ N'#,A 
given by n^a i—>- n"f{a). 

Applied to our A-cleft A-extension Mi/M, we conclude: 

Theorem 6.3. Mi is isomorphic to the smash product M^A via m^a *—>■ ma. 

Proof. The cocycle a associated to l : A ^ Mi is trivial, since 

a{a, a') = a(i)a(i)5(a(2)a(2)) = e(a)e(a')li- 

It follows from Eq. ( P3| ) and ||l^, Lemma 7.1.2]) that M is an A-module algebra 
with action A(^ M -^ AI given by 

a i>77i = a(i)m5'(a(2)). (25) 



It follows from Proposition 6.2 and triviality of the crossed product that Mi is a 



smash product of M and A as claimed. D 

Lemma 6.4. The fixed point algebra is M^ — N. 

Proof. That N C M^ follows from the definition of A and its Hopf algebra struc- 
ture. Conversely, suppose that to G M is such that a>m = e{a)m for all a £ A. In 
a computation similar to that of |22[| , we note that am — ma in Mi for any a G ^: 

am — a(i)TOS'(a(2))a(3') — {a(i^ > 'm)a(2) — "^Q- 

Letting a = ei, we see that m commutes with ei, so that E[m)ei — eimei — eim. 
Applying Em to this, we arrive at m — E[m) €z N . D 

Theorem 6.5. M/N is a B- Galois extension. 



Proof. This follows from Theorem 6.3 and Proposition 3.13, if we prove that ^ : 
M#A -^ End(Mjv) given by 

m^a ^^ (x i-^ m{a > x)) 

is an isomorphism. 

Towards this end, we claim that ei > x = E{x) for every x e M . Let G = ei > •. 



A few short calculations using Lemma x4 show that G G IIom7v-Ar(Af, A'') such 
that G\n — idjv, since 

aei = \^^E]^[{aei)ei = \~'^F[ae2ei)ei — e^(a)ei 

and 

eA(ei) = A"2^(eie2ei) = 1. 
Since E freely generates HoniAr (Af , A^) (as a Frobenius homomorphism) , there is 
d G Cm{N) — fcl such that G = Ed, whence E = G as claimed. 

Then ^((TO.#ei)(TO,'#l^)) = XmEXm' for all m,m' G M is surjective. An inverse 
mapping may be defined by / i-^ Ei(/(2:i)#ei)(y*#lA) for each / G End(AfAr), 
where {x^}, {y.j} are dual bases for E as in Section 2. D 



We are now in a position to note the proof of Theorem 1.3 



Theorem 6.6 (= Theorem 1.3). // M/N is an irreducible extension of depth 2, 
then M/N is strongly separable if and only if M/N is an H -Galois extension, 
where H is a semisimple, cosemisimple Hopf algebra. 
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Proof. The forward implication follows from Theorem 3.5. The reverse implication 



follows from Theorem 3.14. D 



We propose the following two problems related to this paper: 

1. Are conditions 1 and 2 in the depth 2 conditions independent? 

2. What is a suitable definition of normality for M/N extending the notion of 
normal field extensions Tn 
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